Ground source heat pump (GSHP) systems extract heat or cold from the ground by circulating a heat carrier uid (HCF) in a ground heat exchanger and inject this energy in buildings. This paper shows that there exists an optimal HCF ow rate which minimizes the energy use of such systems. The paper proposes an analytical solution for the optimal ow rate as a function of measurable variables, system parameters and data that can easily be derived from manufacturer data sheets. The analytical solution is validated using a detailed simulation model representing an existing GSHP system of 99 boreholes with a depth of 30m.
INTRODUCTION
Ground source heat pump (GSHP) systems extract heat or cold from the ground by circulating a heat carrier uid (HCF) in a ground heat exchanger and inject this energy in buildings. Despite relatively high investment costs and thanks to their high energy eciency, GSHP systems have proven their economic viability with about 10 5 units sold every year in Europe between 2005 and 2013 (Nowak, Jaganjacova, & Westring, 2014) . Numerous studies and tools have been proposed to optimize the design of GSHPs in order to reduce the investment costs. Only a few of these studies propose (optimal) control strategies for the mass ow rate in the installation, while ASHRAE (2007) reports that pump energy represent 4 to 21% of the total energy demand of GSHP systems. This section rstly summarizes the ndings from the literature about optimal ow in (ground source) heat pump systems and secondly, it describes the current paper objective and structure.
To the best authors' knowledge, Li and Lai (2013) were the rst and only authors who proposed an analytical solution for optimal HCF ow rate and for optimal borehole length. Li and Lai applied an entropy minimization technique to a ground heat exchanger with single U-tube but without considering the heat pump. In their case, an optimal ow rate exists due to 1) a rising entropy generation from pressure drops when the ow rate increases and 2) a decreasing entropy generation due to smaller ground and HCF temperature dierences when the ow rate increases. A major drawback of their method is that the analysis does not include the heat pump performance which depends on the HCF ow rate and temperature, while it plays a crucial role in the system performance. Furthermore, an entropy optimum does not necessarily coincide with an energy or economic optimum since entropy generated due to pressure drops has a dierent energetic and economic value than entropy generated due to heat transfer.
An energy optimization of the air ow rate in heat pump systems was proposed by Granryd (2010) for an air-to-air system. The author found an analytical solution that maximizes the COP 2 1 by using 1 The coecient of performance 2 (COP2) is dened as the delivered useful energy (the condenser heat to the sink) divided by the electrical power use of the heat pump compressor and its fan or pump at both the source and sink sides. simple (empirical) correlations to express 1) the heat transfer and the pressure drop in the heat pump heat exchangers and, 2) the heat pump thermal power (Q cond ), as a function of the air velocity in the condenser and evaporator. The maximum COP 2 is then obtained by setting its derivative towards the air velocity to zero. A COP 2 optimum exists due to the increase of the heat pump COP 1 and the increase of pressure losses for increasing air ow rates in the evaporator. The author also showed that not only the COP 1 but alsoQ cond depends on the ow rate and that the ow rate that maximizesQ cond is not the same as the one maximizing COP 2 . The simplied optimal solution shows good agreement with detailed simulations of the heat pump system.
The optimal HCF ow rate has also been investigated using simulation tools. Iolova and Bernier (2006) performed a simulation-based comparative study for a school in TRNSYS between a GSHP system using a variable speed drive (VSD) pump and one using constant ow rate. The system is composed of several heat pumps connected in parallel to a boreeld. In case of the constant ow rate pump, the boreeld pump is always on, regardless of whether the heat pump is on or o. In case of the VSD, each heat pump evaporator has a valve that blocks the ow when the heat pump is o. The VSD pump ensures a constant pressure drop over the system. They concluded that the variable ow system saves up to 82% of the pumping energy use and 18.5% of the total GSHP system energy use. The fact that inecient systems with constant ow rate still exist today stresses the need of simple expressions to calculate the optimal HCF ow rate in GSHP systems.
This paper proposes a simplied analytical solution for the optimal HCF ow rate of a GSHP system taking both the boreeld and the heat pump into account. The optimal solution is a function of measurable variables and system parameters and data that can easily be obtained from manufacturer data sheets. Section 2 describes the steady state models used in Section 3 to derive the analytical solution and Section 4 validates the obtained expression with detailed simulation models.
2.
MODEL DESCRIPTION Fig. 1 (a) shows the considered system: a ground source heat pump extracts heat from a boreeld with average ground temperatureT b . Thermal powerQ cond is supplied to a building at a supply temperature T cond,out . The mass ow rate of the heat carrier uid (HCF) at the source side isṁ, resulting in an inlet and outlet evaporator temperature T eva,in and T eva,out . The considered electrical power uses are compressor power (P comp ) and source circulation pump power (P pump ). The mass ow rate at the sink side is assumed to be constant. Fig. 1 (c) shows that such a system has an optimal mass ow rate due to the increase of the heat pump COP (see Section 2.1) and the increase of P pump withṁ.
The following sections describe the heat pump model (Section 2.1), the boreeld model (Section 2.2) and the pump model (Section 2.3) that were used to derive an analytical solution for the optimal HCF mass ow rateṁ.
HEAT PUMP MODEL
A heat pump is a device that converts heat from a low temperature source to heat at a higher temperature, by compressing a refrigerant using a compressor that is typically driven by an electric motor. The refrigerant evaporates in a rst heat exchanger (evaporator), which requires heat at a low temperature. This refrigerant is compressed (state 1 in the Ts-diagram Fig. 1, b) to a higher pressure and temperature (state 2). The refrigerant then condenses to a liquid state (state 3) while rejecting heat at a higher temperature in the second heat exchanger (condenser). The refrigerant then expands over an expansion valve and enters the evaporator (state 4).
The energy eciency of the heat pump depends on the refrigerant pressure dierence between the condenser and the evaporator. The pressure dierence is determined by the required temperature dierence which depends on both the source and sink temperature and on the mass ow rates. The temperature dierence is controlled by the expansion valve. While the exact control method of the valve is typically a manufacturer secret, the valve needs to ensure a small amount of superheat in state 1 such that no liquid refrigerant enters the compressor. Furthermore, state 4 should be at a lower temperature than T eva,out and state 2 should be hotter than T cond,out . These temperatures are further dependent on the HCF ow rate (see blue lines in Fig. 1 (b) . Therefore, the HCF mass ow rateṁ in the evaporator indirectly inuences the heat pump performance as it changes both T eva,in and T eva,out .
The heat pump performance data provided by manufacturers are typically the COP and compressor electrical power P comp as a function of the evaporator inlet temperature T eva,in , the condenser outlet temperature T cond,out (or inlet T cond,in ), and (optionally) the evaporator mass ow rateṁ. Fig. 2 shows performance data for the Carrier water/air ground source heat pump type GZ048 (full load) for T cond,in = 21.11 • C (Carrier, 2016) . From Fig. 2 it is clear that the performance depends on both T eva,in andṁ. Based on the discussions in previous paragraphs, a strong relation between T m = Teva,out+T eva,in 2 and the heat pump performance is expected. The heat pump performance is, however, not provided as a function of T m but it can be computed from the other variables. Transforming Fig. 2 using T m = T eva,in −Q eva 2cpṁ , with c p the HCF specic heat capacity, conrms this hypothesis since the curves for the dierentṁ are now more or less coinciding (see Fig. 3 ). This relation has been veried for dierent T cond,in , for Carrier heat pump models G024 to G072 and for Daikin SmartSource 026 (Daikin, 2016) .
The steady state behaviour of the heat pump can now be modelled using a linear t of P comp and Heat pump characteristics for Carrier ground source heat pump type GZ048 (full load) with T cond,in = 21.11 • C. Characteristics expressed as a function of T m andṁ. ForQ cond and P comp , a linear t is given by the black dashed line. From these two ts, an approximation forQ eva and COP are deduced.
Q eva (assuming full load and constant condenser inlet temperature):
A boreeld is a heat exchanger in the ground composed of one or multiple boreholes. Boreholes are drilled in the ground to a depth typically between 15 to 180 m (ASHRAE, 2007) with a diameter between 76 and 178 mm (Chiasson, 2007) . A single U-shaped, double U-shaped or (less frequent) coaxial pipe is inserted in the borehole in order to circulate the heat carrier uid (HCF). The pipe diameter varies between 20 and 40 mm (ASHRAE, 2007) and the mass ow rate of the HCF is usually chosen such that the ow is slightly turbulent, or a more conservative ow rate of 0.1 l/s per pipe may be used. The borehole is lled with grout, which is usually a mixture of bentonite and sand. The grout and the ground thermal conductivities and thermal capacity, as well as the borehole diameter, the pipe arrangement and material and the mass ow rate determine the so-called borehole resistance R b . R b is dened by Hellström (1991) as the thermal resistance per length borehole between the average temperature of the heat carrier uid T m and the borehole wall temperature T b . According to ASHRAE (2007) , R b values for single U-pipe range from 0.08 to 0.4 K.m/W but typical values rather range from 0.09 to 0.16 K.m/W for single U-pipe and from 0.05 to 0.08 K.m/W for double U-pipe boreholes (Hellström & Sanner, 2000) .
If the average temperature of the ground at the borehole wallT b is known, the most simple borehole model is obtained by disregarding the grout dynamics and by assuming a linear variation of the temperature along the pipe (Lamarche, Kajl, & Beauchamp, 2010) . The ground is assumed to exchange heatQ eva at T m . The drawback of this simplication is that T eva,in (which equals the boreeld supply temperature) can become higher thanT b for low ow rates, which is a violation of the second law of thermodynamics. We therefore assume thatQ eva is exchanged with T eva,in instead. T m can now be expressed as a function ofṁ by using the energy balance equation in the boreeld: Figure 4 Convective thermal resistance of water in a circular pipe (PN10 32mm).
with the HCF heat capacity c p and the total borehole(s) length L tot . R b is the borehole resistance between the pipe inner wall and borehole wall. The ow dependent convective resistance R conv is calculated separately. R b is usually obtained experimentally by means of a thermal response test. If the thermal properties of the grout and ground and the exact geometry of the borehole are known, R b can be computed using the multipole method (Hellström, 1991) . R conv in a circular pipe is computed from Equation (7) if laminar (Thirumaleshwar, 2009) 
with the HCF thermal conductivity λ f , the Reynolds number Re =
, the Prandtl number Pr = ν α , the HCF velocity v f , the inner pipe diameter d p,in , the HCF dynamic viscosity ν f and thermal diusivity α. Fig. 4 shows that R conv is only weakly dependent onṁ but that a transition from turbulent to laminar increases the resistivity from about 0.02 to 0.13 m.K/W.
PRESSURE LOSSES AND CIRCULATION PUMP
In this section, the circulation pump and typical pressure losses due to the circulation of the HCF in the heat pump and boreeld are discussed.
The pressure drop over the heat exchangers depends on the heat pump type and size and can often be found in the manufacturer data sheets. Typically, small units have a pressure drop in the order of 4 kPa at minimal ow (θ eva,max := T eva,in − T eva,out 5K). Larger units have a pressure drop in the order of 13 kPa at minimal ow (θ eva,max = 4 K). The pressure losses associated to the boreeld happen in the borehole, the horizontal connection pipes, the collector and the various bends, valves and connection elements. Typically, the total pressure drop is in the range of 0.5 to 1 bar, but it can widely vary and detailed pressure drop calculations should be carried out for more accurate results.
A circulation pump has an eciency η pump that varies between 55 and 85% at nominal speed (Bernier & Bourret, 1999) , depending on its size. Since the pump load has a quadratic pressure drop characteristic, similarity laws predict that the eciency is not a function of the pump speed. In this paper we therefore assume η pump to be constant.
Assuming a constant pump eciency η pump and a cubic relation between pump power and ow rates, and using a certain ow rateV 0 and corresponding pressure drops, P pump can be expressed as
In this section, an analytical solution for the optimal HCF mass ow rate is derived by maximizing the system coecient of performance (COP 2 ) (Eq. 10). Constant condenser inlet temperature and full load condition are assumed for the heat pump.
The optimization problem can be re-written by substituting the model equations in Eq. 10. First T m is obtained as a function ofṁ and some parameters using Eq. 2 & 6:
. By inserting Eq. 2 & 9 in Eq. 10 and developing it with Eq 12, following optimization problem is obtained:
with a 1 = a p ξ, a 2 = a p ν, a 3 = γρ 3 ξ + κψρ 3 , a 4 = γνρ 3 − λψρ 3 , a 5 = ρ 3 (αξ + βκ), a 6 = ρ 3 (αν − βλ). The optimal solution is computed from the roots of the derivative of this function (the denominator is removed from the equation):
⇔ 0 = 3a 1 a 5ṁ 4 + (4a 1 a 6 + 2a 2 a 5 )ṁ 3 + 3a 2 a 6ṁ 2 + a 3 a 6 − a 4 a 5 (16) which becomes after substitution:
Eq. 17 has possibly 4 solutions (x 1,2,3,4 ) for the optimal mass ows, which can be computed analytically by solving the root-problem for polynomial p(x) = ax 4 + bx 3 + cx 2 + e: Even though we cannot prove it formally, we expect the problem to have only one feasible solution. For a practical implementation, the optimal solution can also be obtained by plotting Eq. 13 or by using a line search method to nd the roots of Eq. 17.
RESULTS, VALIDATION AND DISCUSSION
The optimal analytical solution is validated using a simulation model based on an existing GSHP system. The system consists of a boreeld with 99 boreholes of 30 m deep (double U-type), a Wilo Cronoline IL 80/220 4-4 circulation pump, and heat pumps. The total GSHP system pressure drop at nominal ow rate (14.85 kg/s) is 170 kPa. It is connected to 14 Carrier GZ048 heat pumps that are operated at nominal condenser ow rate with an inlet temperature of 21.1 • C. All parameter values used for the simulation and for the analytical solution are summarized in Table 1 . The system is modelled in Modelica using the boreeld model from Picard and Helsen (2014) and the pump model from Wetter et al. (2015) . The heat pump model uses a 3 dimensional linear table interpolation of the manufacturer performance data (Carrier, 2016) , Fig. 3 . The Modelica model is simulated using Dymola 2017.
The parameters used for the analytical solution are summarized in Table 1 . The goodness of the linear tsQ cond,lin and P comp,lin for resp.Q cond and P comp for the considered heat pump are shown in Fig. 3 (black dashed line) .Q eva,lin and COP lin are computed fromQ cond,lin and P comp,lin . Fig. 3 shows thatQ cond,lin is a good approximation ofQ cond but P comp,lin shows a less linear behaviour. This results in a slight underestimation ofQ eva but a good estimation of the COP .
The following experiment is carried out: the boreeld is initialised by assuming a uniform ground temperature of 15 • C and then operating the pump and the heat pump at nominal mass ow rate for 17.4 days. The boreeld cools down to around 8.7 • C. The mass ow rate is then changed to a dierent xed value (see Fig. 5 ). Once the heat pump has generated 200 kWh of thermal energy, the COP 's are reported. The reason for this approach is to allow objective comparison of a transient system. The analytical solution is obtained by using the same parameter values and a borehole wall temperature of 8.7
• C. Fig. 5 compares the results from the simulation model (blue dashed line) and the analytical model (red dotted line) for dierent mass ow rates. Fig. 5 (a) and (b) are expressed as a function of the system mass ow rateṁ bf while Fig. 5 (c) and (d) correspond to a single heat pump. Fig. 5 .a shows that the analytical model underestimates the HCF temperatures. This is caused by the assumption that the HCF exchanges heat with the boreeld at T eva,in instead of using an exponential HCF temperature variation (Lamarche et al., 2010 resulting in an underestimation of COP 1 (see Fig. 5.b,c,d ). Despite this underestimation, the optimal mass ow rate obtained by the analytical solution (7.38 kg/s) is close to the optimal mass ow rate obtained from the simulation (7.03 kg/s). The optimal mass ow rate is close to (but lower than) the maximum mass ow rate for which heat pump performance data is provided. It should be noted that optimal COP 2 is generally found at lower ow rate as illustrated by Southard, Liu, and Spitler (2014) where the GSHP COP 2 was increased by 18% when the dierential pressure set point on the ground loop was reduced from 1.4 to 0.6 bar. The fact that the optimal ow rate for the validation exercise is rather high is explained by its assumptions: i) the heat pumps operate at full load, ii) a relatively small head loss of the ground heat exchanger was used. Running the heat pumps at part load would lead to a lower optimal ow rate as the relative inuence of the pumping energy on the COP 2 increases. Other assumptions for the validation are i) constant T cond,in = 21.11 • C, and ii) a cubic relation between pumping power and mass ow rate is assumed.
Further work should experimentally validate the proposed analytical solution for dierent heat pump load ratio's and dierent GSHP systems and it should conrm that the optimal ow rate of a GSHP system depends on the heat pump load, the ground temperature, and boreeld and heat pump characteristics. Notice that Eq. 2 needs to be re-computed for each heat pump part load ratio as the heat pump characteristics change accordingly. The optimal mass ows can then be derived for each part load ratio.
CONCLUSION
This paper shows that there exists an optimal heat carrier uid ow rate for ground source heat pump (GSHP) systems that minimizes its energy use. The paper proposes an analytical solution for computing the optimal ow rate as a function of measurable variables and system parameters and data that can be obtained from manufacturer data sheets. The optimal solution is based on a steady-state approximation of the borehole and a linear approximation of the thermal and electrical power of the heat pump as a function of the average evaporator temperature. It was found that expressing the heat pump powers and COP as a function of the average evaporator temperature instead of its inlet temperature reduces their mass ow rate dependencies. The obtained analytical solution shows good agreement with the optimal solution obtained by a detailed simulation model representing an existing GSHP system of 99x30m boreholes.
